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Full-Vectorial Finite Element Beam Propagation
Method with Perfectly Matched Layers for
Anisotropic Optical Waveguides
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Abstract—Perfectly matched layer (PML) boundary conditions
are incorporated into the full-vectorial beam propagation method
(BPM) based on a finite element scheme for the three-dimensional
(3-D) anisotropic optical waveguide analysis. In the present ap-
proach, edge elements based on linear-tangential and quadratic-
normal vector basis functions are used for the transverse field com-
ponents. To show the validity and usefulness of this approach, nu-
merical examples are shown for Gaussian beam propagation in
proton-exchanged LiNbGO; optical waveguides. Numerical accu-
racy of the present PML boundary condition is investigated in de-
tail by comparing the results with those of the conventional ab- §
sorbing boundary condition (ABC).

Index Terms—Anisotropic optical waveguide, beam propagation
method (BPM), finite element method, full-wave analysis, perfectly
matched layer (PML).

|. INTRODUCTION Fig. 1. Longitudinally varying 3-D optical waveguide.

HE beam propagation method (BPM) is at present the

most widely used for the study of light propagation inFE-BPM [12], [13]. However, since these formulations are for
longitudinally varying waveguides. Nowadays, there are igotropic waveguides, they cannot be applied to anisotropic
great number of versions of BPM [1]; BPM based on thgptical waveguides. Although the TBC may by applicable to
fast Fourier transform (FFT-BPM), BPM based on the finitgnisotropic optical waveguides, the formulation is limited to
difference method (FD-BPM), and BPM based on the finitthe approximate scalar analysis [14].
element method (FE-BPM) [2]-[5]. In particular, a recently |n this paper, the PML for anisotropic media [15] is, for the
developed finite element BPM is applicable to the most genefgkt time, incorporated into the full-vectorial FE-BPM (VFE-
(arbitrarily-shaped, inhomogeneous, dissipative, anisotropgPM) for the three-dimensional (3-D) anisotropic optical wave-
and nonlinear) optical waveguide problems. One of the keyjide analysis. In the present formulation, edge elements based
issues in implementing FE-BPM to study light propagatiogn linear-tangential and quadratic-normal vector basis functions
in a finite spatial domain is boundary conditions at the cont6]-[18] are used for the transverse field components. To show
putational window (CW) edges. Berenger [6] has recentiie validity and usefulness of this approach, numerical results
introduced the concept of a perfectly matched layer (PML) f@jre shown for Gaussian beam propagation in proton-exchanged
reflectionless absorption of electromagnetic waves which cRINbO; optical waveguides. Numerical accuracy of the present
be employed as an alternative to the conventional absorbpgiL boundary condition is investigated in detail by comparing

boundary condition (ABC) [7], [8] or the transparent boundane results with those of the conventional ABC.
condition (TBC) [9]. Unfortunately, since Berenger's PML

technigue involves a modification of Maxwell's equations
based on the splitting of field components into two subcompo-
nents, these non-Maxwellian equations do not have a desirabl&Ve consider a longitudinally varying 3-D optical waveguide
form for finite element (FE) formulations. More recentlyas shown in Fig. 1 and the transverse cross section of the optical
new formulations of PML which do not involve the fieldwaveguide surrounded by PML regions 1-8 with thicknedses
splitting have been proposed by Peletlal. [10] and Sacks (j = 1to4) as shown in Fig. 2, where andy are the transev-
et al. [11] and have been widely used for mesh truncation igrse directionsz is the propagation direction, and the relative
permittivity tensor is given arbitrarily as
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% TABLE |
| s & \ PML PARAMETERS
i
PML PML region
i . [ parameter 1 2 3 4 5 6 7 8§
_ N T 1 1 e
1 Sy 1 1 s3 84 83 83 83 34

i $; = 1 in all the PML regions.

for @ = H. The PML parameters,, s,, ands. are given in
Pble [, where the complex values of (j = 1 to 4) are taken
as

Fig. 2. Transeverse cross section of 3-D optical waveguide surrounded
PMLs.

Using PML for anisotropic media [15], from Maxwell's equa- $;=1—jaj. @)

tions the following vectorial wave equation is derived: . i _ .
Attenuation of the field? in PML regions can be controlled by

choosing the appropriate values®f. Here, we assume para-

x ([PIV x @) — k[ql® = 0 (2) bolic profiles ofs; as
where kg is the free-space wavenumbdr,denotes either the o=« P 2 )
electric field E or the magnetic fieldd, and the matrice§) SR,

and|q] are given b
la] g y wherep is the distance from the beginning of PML and the sub-

script “max” denotes the maximum value.

Pzz Pzy Pazz Now, using an appropriate reference refractive indgxand
[Pl = |Pve Puy Py slowly varying envelope approximaiton (SVEA), we assume the

| Pz Dzy  De following form of the solution:

S5 o 17 . )
Sy D(x,y,2) = Po(x,y, 2) exp(—jkonoz)i,

=1 0 S;Sm 0 (3) + ¢py(x, y, 2) exp(—jkonoz)iy
0 Oy SuSy + ¢ (x,y, 2) exp(—jkonoz)i.. (9)
S

- Substituting (9) into (2) and noting that the variatiorpgf along

] = Toz Qoy ez the » direction is sufficiently smalldp,; /3= ~ 0, we obtain the
a= gy’” gyy gyz basic equation for the beam propagation analysis as
| Yzz zY zz
SySz 9? )
s Exx Szexy Syea;z [A] < 2]]60710 ko”o) ¢
x S.8 aZ
= S2€yx —Eyy Sx€yz (4) ] a¢
S, 4 _r
v S25y + [B:] <8, ‘1k0710> 52
Sy€zx Sx€zy E71
L Sz aqs
+ [By] a — Jk'oﬂo a
for® = F and ) ) Y
_ +a—{[0 ] (——jkono)
[p] = [ Pyx Pyy DPy=z [ a;] + [ a;] }
rSyS: -1 i
P Exx S2Exy Sy€rz { 9z —J 0710)
S-Sy
= S.Eyz ——&y, Sz€yz
= | e e e ©) LB+ Dl |44 REe=0 0
Sy€ Sp€ SmSyE
L y-zr xrvzy 88% zZ With
) 2= 0 .
Gz Qoy  Gon Srog sl ¢=1[bx &, ¢:] (11)
A= | qw @:|= 0 5y 0 (6) —Pyy  Pyz O
| 42z  Gzy Yzz 0 0 Sz Sy [A] = Pzy —Pzz O (12)
s. 0 0 0
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Fig. 3. Hybrid edge/nodal element based on linear tangential and quadratic

normal vector basis functions.

where the superscripgt denotes a transpose.
Assumingd/dz = 0 and regardingny as an effective

refractive index, (10) is reduced to a basic equation for the

guided-mode analysis of anisotropic optical waveguides.

I1l. FINITE ELEMENT DISCRETIZATION

Dividing the waveguide cross section into hybrid edge/nodal

elements based on linear tangential and quadratic normal v

basis functions [16]-[18] as shown in Fig. 3, we expand t

transverse field componends., ¢, and the longitudinal field
component. in each element as

with

tor= ﬁﬂ 23)

= —Bf[(K]] J[Ef?]]} (24)

= ] -

M= :%t]t] %8” (26)
o{U} o{U}T

(K] = Z:/e/ |:pzz agy]} a{;;}T B

4+ k2 e {UH UV + K2 g {UHVIT
o{v}i o{vi” o{v} o{u}”
P ", Jz t P Jz ay
+ kg {VHUY
+k3ny{V}{V}T] dz dy (27)
_ 3{U} 3{N}T U} o{N}*
14] Z//|: 47‘ zY ay ax
oV} o{N}T oV} o{n}"
Pza dr dy + ey dx dx

o {UY {1} + kg {UHN}T
p=|d| = | V) {ou}e (21) fQ{ " i
¢- HNY{: e +hoayAVHN] do dy (28)
where K. = Z//[ 8{N} o{uyt _ ofN} o{upt
- =9 0
{¢+}. and{¢.}. edge and nodal variables for each eIe— % ! Y
ment, respectively; O{N} o{V}* A{N} o{V ¥
{U} and{V} shape function vectors for edge ele- POy Ox Y or  Ox
ments; ) T
{N} shape function vector for nodal elements + koger AN HU}
(18]. g @y {ANHVY] dx dy (29)
Substituting (21) into (10) and using the finite element tech- a{N} a{N}” (N} 8{N}T
gl(?ljj;itgnt-he transverse;-plane, we obtain the following matrix[£ -] = Z// { v T o 'ay' TP T oL
At AN} o, AN N}
2 - FPzzx Y

qm—mMm o%wmm 0 @2 KoqeANHNYY | da dy (30)
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pmw{vf

(31)

pyy{U} %

_pwx{v}

(32)

8{N}

R R (33)

Mal = Y / / [Py THVYE 4 pyu {UHUY

— Py \VHUY | du dy
(34)

where{0} is a null vector|0] is a null matrix, and> __ extends
over all different elements. We can rewrite (22) formally as

+pea A VHV

U k) = o) (35)

with
(X} - &] (36)
o :'[chz—jkono[%]]—kana[M1 o] e
= [H B BRI e

For the diagonal relative permittivity tenseg,; = 0 (k # 1),
using the longitudinal-field transformation [5]

(/)Z(‘Tv Y, Z) eXp(—jkoTL()Z)

/z(xvyv Z) eXP(_jkoﬂoz)} (39)

and the Padé approximation [2], [3], [12], [14]X }, [K], and
[M] are reduced to smaller sized ones as

(X} = Hjjﬂ (40)
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Fig. 4. Anisotroric optical waveguide surrounded by PMLs.
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Fig. 5. Element division profile.
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IV. TWO-POINT RECURRENCESCHEME

Applying the 2-point recurrence scheme for the propagation
directionz to (35) yields

[Ai{ X} = [Bli{ X }i (43)

with
[A]; = [M]; + 6A2[K]; (44)
[B]; = [M]; — (1 — 6)Az[K]; (45)

whereAz is the propagation step sizé|s introduced to con-
trol the stability of the method, and the subscripgsd (¢ + 1)
denote the quantities related to thie and(:+ 1)th propagation
steps, respectively. Generally, the stability range for the prop-
agation algorithm i® > 0.5, but unstable field evolution was
observed with® = 0.5, Crank-Nicholson algorithm. Sé,= 1,
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Fig. 6. (Top)E.., (middle) E,, and (bottom)E. distributions at (a) = Opm, (b) z = 40xm, () z = 80um, (d) z = 120pm, (e)z = 160xm, and (f)z
= 800pm.
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backward-difference scheme, is adopted here. In the BPM algo- 2195
rithm, backward reflections are neglected, so waveguide struc-
tures with abrupt refractive index changes along:taérection
should be carefully treated.

In order to improve numerical accuracy, the reference refrac-
tive index is renewed at each propagtion step as follows:

—jbi + /=7 +daic;
L Re| Z2bit v bi t duic (46)

2.194
2.193

2.192

- - - - Effective index of
2.191 the fundamental

Reference refractive index

no.; L TM-like mode
7/%0 2a; oJqoQL— L 111
0 160 320 480 640 800

with Propagation distance [um]

a; = {(j)}j [M]:{¢}: (47) Fig. 7. Reference index variation along the propagation distance.

bi = {¢H[L1:i{ o} (48)

ci = {¢H[KLi{e}i (49) 2.230

¢ Effective index of

where' denotes complex conjugate and transpose. o the fundamental

V. NUMERICAL RESULTS

We consider a 3-D anisotropic optical waveguide surrounded 2.190

by PMLs as shown in Fig. 4, where the substrate is LilNON)
and the guiding region is proton-exchanged LIND@E-LN). BT T R R
For simplicity, the thicknesses and the maximum values;af 0 10 20 30 40 50
(8), dj, anday; max, are assumed to be the same in all the PML 9. [deg]

regions, and are denoted @nday, «, respectively. The wave-

guide parameters ate= w = 3 um, W, = 9 um, Wy =7 pm, Fig. 8. Converged reference index as a function of crystal angle.
andd = 2 um. The substrate has ordinary and extraordinary

indexes ofn, = 2.250 andn. = 2.172, and the refractive

index difference between the guiding region and the substrate

is An, = 0.01 for the extraordinary index and for the ordinary

index,An, is assumed to be zero. The components of the sym-

metric relative permittivity tensor for LN are

Converged reference index

2o = (50) i

4y = nZcos® O, +n2 sin? 6, (51) :

£.. = n2cos’ 0, + n?sin? 4, (52) e I
Eyz = Eay = (ng — ng) cosf,sind, (53)

Cay = Cyo = €20 = €22 = 0 (54) -

where .. is the angle between the crystallieeaxis and the

y-axis on theyz-plane. We subdivide one-half of the waveguide

cross section into hybrid edge/nodal elements as shown in Fig. 5 L

The PML region is uniformly divided into 8 elements along the

direction normal to the PML surface. The total number of ele- - i

ments are, respectively, 432 and 928 in the CW and the PML

regions. As an initial field, verticallyy) polarized Gaussian Fig.9. Computational domair3 and$?’ used in numerical experimants.
beam is inputted. The wavelengthls= 0.84;,m and the beam

spot size is 0.8&:m. Figs. 6 and 7 show, respectively, the elec-

tric-field evolution and the reference index variation along theorresponding fundamental TM-like mode. The reference re-
propagation distance, wheflg = 30°, the propagation setp sizefractive index is also converged to the effective index of the fun-
Az = 0.5 pm, and the value ok, is taken as 8. No reflection damental TM-like mode which is obtained by the guided mode
from the CW edges and no instability have been observed, thralysis. Fig. 8 shows the converged reference index as a func-
radiation waves disappear out of the CW with increasing profen of crystal angled.. The converged values af, increase
agation distance, and the remaining field approaches that of gradually with increasing.., resulting in good agreement with
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Fig. 10. Field-error variation along the propagation distance ferl ym and (a)V =6, (b) N =8, (c) N = 10, and (d)V = 12.

the effective indexes of the corresponding fundamental TM-lilgtep, the optical field is multiplied by a window functiot{z, v)

mode. [7] as
Next, in order to investigate numerical accuracy of the present
PML, the field error along the propagation distanegy), is 1,1 P2 . .
defined as Alz,y) =< 3 + 2 cos |7 (d) , in ABC region
1, in non-ABC region
//IE(% y,2) — B (z,y,2)]* de dy (56)
e(z) = 2 (55) wherep is the distance from the beginning of ABC.
//|E’(a:,y, 0)|? dz dy Figs. 10 and 11 show the error variation along the propaga-
o tion distance forl = 1 um and 2;m, respectively, where verti-

cally (y) polarized Gaussian beam is inputted, the inputted beam
wherekF is the electric field calculated by using computationapotsize and wavelength are, respectively 0r8and 0.84:m,
domainQ andE’ is the one calculated by using larger dom@in 6, = 30°, Az = 0.5 um, and the valuev,,., and the number
as shown in Fig. 9, where the size®@fis taken ad¥v,, = 9 um of elements along the direction normal to the PML or the ABC
andW, = 7 pm and that of?’ is taken ag¥ = 27 um and surface,V, are taken as parameters. We can see that the PML
W,; = 25um. Here, the conventional ABC is also utilized, anavith smaller values ofv,,,, cannot sufficiently absorb radi-
the layer thicknesd and the number of elements are the sarmsed waves even though increasing the valuévofThe PML
as those in the PML case. In the ABC case, for each propagatimith larger values ofv,,,, reduces the numerical error with
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Fig. 11. Field-error variation along the propagation distance fer2 xm and (a)V =6, (b) V = 8, (c) NV = 10, and (d)V = 12.

increasingN. All the PML results are superior to the conven- [2] M. Koshiba and Y. Tsuji, “A wide-angle finite-element beam propaga-

tional ABC ones. In order to keep the error lower tharr4,0 B0 gnethod, 1EEE Photon. Technol. Lejtol. 8, pp. 1208-1210, Sept
Omax 2 20 @andN > 8 are necessary fol = 1 pm, and [3] Y. Tsuji, M. Koshiba, and T. Shiraishi, “Finite element beam propagation
max = 10 @andN > 8 for d = 2 pm. We could say that when method for three-dimensional optical waveguide structur@sl’ight-

using PML, 2:m is enough thickness to absorb radiated waves. _ Wave Technolvol. 15, pp. 1728-1734, Sept. 1997. ~
[4] E. Montanari, S. Sellerei, L. Vincetti, and M. Zoboli, “Finite-element
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